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Abstract

Dynamic predictions of large dimensional conditional covariance matrices are considered in the context of large 
financial portfolios. Since numerically simple prediction methods are usually recommended for multivariate 
conditional covariances (covolatilities), one prefers in this paper the multivariate EWMA (exponentially 
weighted moving average) processes extending the recursive estimation of EWMA processes to the multivariate 
case. Moreover, various modifications of recursive MEWMA projections are suggested to improve the quality 
of covolatility projections. An extensive numerical study for real stock indices portfolios compares types  
of covolatility projections employing various criteria and tests.

Keywords

Covolatilities projections, large covariance matrices, 

multivariate EWMA, multivariate GARCH models, recursive 

estimation

JEL code

C51, C53, C58, G11 

 

INTRODUCTION
A frequent problem in multivariate dynamic systems is estimating and predicting the corresponding 
conditional covariance matrices. Typically, one forecasts conditional volatilities and covolatilities  
(i.e., multivariate volatilities) in a portfolio of financial assets. However, technical applications for systems 
of signals are also possible.

The MEWMA model (Multivariate Exponential Weighted Moving Average) is the multivariate 
generalization of the univariate model EWMA, which has been primarily developed as a numerically 
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simple alternative to the GARCH model for anticipating future volatility of data records, usually financial 
returns (this univariate case is supported by the commercial software RiskMetrics (1996) popular in risk 
management). The name of this concept originates from the conditional variance being an exponentially 
weighted sum of historical squared (financial) returns with the geometrically declining weights going 
backward in time (similarly in the multivariate case for conditional covariances). Therefore, the MEWMA 
model can easily track conditional volatilities and covolatilities changes.

The single unknown parameter of the classic MEWMA model determines the geometrically declining 
weights. This parameter (denoted usually as lambda) is conventionally prescribed by experts or users. 
Alternatively, it can be estimated using standard (online or batch) statistical identification procedures 
(e.g., the conditional maximum likelihood method).

Various models for estimating and predicting conditional variances (volatilities in the univariate case)  
or conditional covariance matrices (covolatilities in the multivariate case) have been suggested in this 
context. However, surprisingly, such models (including MEWMA models) are rarely calibrated recursively 
even though recursive estimation performed by recursive algorithms is undoubtedly convenient: to evaluate 
the parameter estimates at a time step, recursive methods operate only with the actual measurements and 
the quantities estimated in previous steps. It contrasts sharply with the non-recursive (batch) estimation, 
where all data are collected first, and then the given model is fitted. The recursive estimation techniques 
are effective in terms of memory storage and computational complexity, and this efficiency can be 
employed only in the framework of high-frequency time series data. Alternatively, it is possible to apply 
these methods to monitor or forecast (co)volatilities in real time, evaluate risk measures, detect faults, 
check model stability, identify structural changes, etc.

The recursive estimation is even more desirable in the case of multivariate GARCH (MGARCH) 
models, e.g., in various portfolio applications where the dynamic covolatilities play an essential role 
when the risk is controlled and regulated. On the other hand, one should respect that the multivariate 
GARCH models with higher numbers of parameters fulfilling strict constraints are complex since 
one must identify and calibrate large dynamic systems employing data that are (co)volatile in time. 
Therefore, we confine ourselves in this paper to the simplest models of this type, which are just MEWMA 
models (in the dynamic MEWMA model, only a single parameter suffices to be estimated recursively 
in time, and its modifications suggested in this paper are parameterized by a reasonable number  
of parameters).

The paper extends not only the recursive approach applied for the univariate EWMA model  
by Hendrych and Cipra (2019) to the multivariate MEWMA model and its derived variants but also 
presents an extensive numerical study for large stock portfolios in this context including statistical analysis 
of results (compared with smaller currency portfolios in Cipra and Hendrych, 2019).

The paper is organized as follows. A literature review is performed in Section 1. Section 2 presents 
a general framework of recursive estimation of multivariate volatility models and applies this approach 
to the multivariate MEWMA process. Section 3 deals with various modifications of the MEWMA process  
to better model its dynamic character. An extensive empirical data study in Section 4 numerically 
demonstrates the recursive approach to the multivariate volatility models by comparing various techniques. 
Finally, the last section contains concluding remarks.

1 LITERATURE REVIEW
As forecasts of conditional volatilities and covolatilities in portfolios of financial assets are concerned, 
various authors have dealt with this problem frequently in financial practice, see, e.g., Caldeira et al. (2017), 
Chiriac and Voev (2011), Cipra and Hendrych (2019), Clements et al. (2012), Engle and Sheppard (2007), 
Engle et al. (2008). However, technical applications for systems of signals are also frequent, see, e.g., Ledoit 
and Wolf (2004), Ljung and Söderström (1983). Various models for estimating and predicting conditional 
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covariance matrices have been suggested in this context, see, e.g., Caporin and McAleer (2013), Engle 
and Colacito (2006), Hafner and Franses (2009), Laurent et al. (2012), and others.

Finally, one must mention in this context the generalized autoregressive score models denoted  
as GAS models which are observation-driven time series models that update the parameters over time 
using the scaled score of the likelihood function (see Creal et al., 2003, and others). The GAS framework 
encompasses a large number of models including the models described in this paper where the estimation 
of parameters of such models runs recursively in time.

In the introductory section the convenience of recursive estimation in dynamic systems has been 
stressed. Recently, several recursive estimation schemes suitable for the stochastic models of type GARCH 
have been introduced (see Hendrych and Cipra, 2016; 2018; 2019), which one can advantageously apply  
to the MEWMA model in this contribution. They can be characterized as numerically effective techniques 
that can estimate and control the model parameter (and consequently the model behavior) in real  
time.

2 RECURSIVE ESTIMATION OF MULTIVARIATE VOLATILITY PROCESS
A general framework for recursive estimation of multivariate volatility can be formulated employing 
a practical scheme that enables modeling conditional covolatilities (i.e., the conditional covariance 
matrices) of an m dimensional stochastic processes {rt}. If one ignores a possible nonzero conditional 
mean vector, then the corresponding model in this context usually has the form:

1 2/
t t t= ⋅Ηr ε   ,     � (1)

where {εt} is a sequence of iid random vectors with zero mean and identity covariance matrix and  
Ht is an m×m (symmetric) positive definite Ωt−1-measurable matrix with square root matrix  such  
that 1 2 1 2( )/ /

t t t=H Η Η T. It represents the covariance matrix conditioned by the information observed till 
and including time t - 1. Hence, the conditional moments of {rt} are obviously:

1 10 Η  ,   � (2)

where Ωt is the smallest σ-algebra such that {rs} is measurable for all s ≤ t. The additional part of this model 
is the covolatility equation for the matrices Ht which specifies particular models (e.g., model MEWMA  
in Section 3) and contains unknown parameters ordered in a column vector θ so that one should write 
Ht(θ) or even Ht│t−1(θ) (the latter symbol underlines the fact that the conditional elements of the given 
matrix can be looked upon as one-step-ahead covolatility predictions for time t constructed at time t - 1). 
Similarly, Ht│t (θ) should be a proper symbol of the covolatility estimations for time t constructed at time t.

Assuming the normality of εt , it is possible to apply the conditional probability density:

 
1/2 1

1
1
2

f π - -
-

 
 

r T ,    � (3)

for construction of ML estimate of parameters θ by minimizing the loss function (which is based  
on the negative conditional log-likelihood criterion):

 
1

T

t=
∑θ

.    � (4)
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Since the objective is to estimate the multivariate volatility processes recursively, we shall generalize 
the recursive prediction error method, which has been successfully applied for univariate conditional 
heteroscedasticity processes of the type GARCH (see Cipra and Hendrych, 2019; Hendrych and 
Cipra, 2018) to the multivariate case. It can be described algorithmically by the system of the following 
recursive formulas, which are well-known from the literature on the identification of dynamic systems, 
see, e.g., Ljung and Söderström (1983) and others:

1
1 1

ˆ ˆ ˆ( )t t t t t tη -
- -′= - R Fθ θ θ T ,    � (5)

1 1 1
ˆ( )t t t t t tη- - -

 ′′= + - R R F Rθ
 
,    � (6)

1

1
1 /t

t t

η
a η -

=
+  

for forgetting factor
 

1 0 0(1 ), (0,1), 1t ta a a a a ,a η-= ⋅ + - ∈ = ,    � (7)

where:
1F -T   ,   � (8)

( )t′F θ  denotes the gradient of ( )tF θ , ( )t′′F θ  is the Hessian matrix of ( )tF θ , and ( )t′′F θ  is the approximation 
of ( )t′′F θ  such that:

( )ˆ ˆE ( ) ( )′′ ′′θ θ  ,       � (9)

this approximation simplifies the calculation of the corresponding Hessian matrix for particular types 
of models; see, e.g., the model MEWMA in Section 3. The application of forgetting factor αt is typical 
in the literature on the identification of dynamic systems since it improves the convergence properties, 
including the statistical consistency of the corresponding recursive estimators of the type (5)-(7).

Various technicalities are involved when applying these procedures, namely the choice of forgetting 
factor and the initialization of the recursive calculations. For the recursive algorithm of the type (5)-(7), 
one recommends choosing both values a  and 0a  close to one (e.g., a  = 0.95 and 0a  = 1). Regarding the 
initialization of these recursive algorithms, the general approach by Hendrych and Cipra (2018) can be 
simply adapted for the models proposed in this paper. Finally, one should introduce a simple (general) 
projection scheme, which completes the algorithm (5)-(7) and ensures that the algorithm will not 
degenerate:

1

ˆ ˆif ,ˆ
ˆ ˆif ,

t t
t

t t-

 ∈  =   ∉
D

θ θ D
θ

θ θ D        � (10)

where D is a compact subset of R dim(θ) reflecting all constraints on parameters (e.g., their positivity) that 
should be fulfilled to guarantee the symmetry and positive definiteness of Ht.

The theoretical properties of the suggested recursive estimation algorithm coincide with the conventional 
non-recursive case (as t goes to infinity) when the corresponding negative conditional log-likelihood 
criterion is minimized. Namely, convergence and asymptotic distributional properties are identical for  
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a sufficiently large number of observations (refer to Ljung and Söderström (1983) for the theoretical 
features of the prediction error method). The derivation employs instruments from the ordinary differential 
equation theory. Moreover, an extensive simulation study performed by the authors demonstrated  
the convergence behavior of the proposed recursive estimation technique.

3 MEWMA MODEL AND ITS MODIFICATIONS
In this Section, we will present explicit forms of the recursive estimation algorithm (5)-(7) for some 
simple multivariate models of conditional covariance matrices (covolatilities), which are based  
on the MEWMA principle.

3.1 Recursive MEWMA Model
In the classic MEWMA model, the covolatility equation for the matrix Ht has the form:

1 1 1(1 ) , (0,1)t t t tλ λ λ- - -= - + ∈H Hr rT ,   � (11)

where λ is the single parameter to be estimated (0 < λ < 1). This means that the model based  
on the relation (11) is very parsimonious compared to the classic MGARCH models, and the constraints 
on this parameter are straightforward. In the context of MGARCH models, the MEWMA model could 
be regarded as a particular case of the so-called scalar BEKK(1,1) model (see, e.g., Bauwens et al., 2006; 
Cipra, 2020). Notice that the relation (11) produces conditional covariance matrices that are (symmetric) 
positive definite. The classic estimation approach to the model (11) consists in the (non-recursive  
or batch) ML estimation of the parameter λ.

Alternatively, the general algorithm (5)-(7) can be applied to estimate MEWMA recursively.  
The corresponding recursive MEWMA model has the following form (consult Appendix):

R T ,    � (12)

,   � (13)

1 1
ˆ ˆ ˆ ˆ( ) (1 ) ( )t t t t t t t tλ λ λ λ+ -= - +H Hr rT ,    � (14)

1 1
1

ˆ ˆ( ) ( )ˆ ˆ( )t t t t
t t t t t

λ λλ λ
λ λ
+ -

-

∂ ∂
= - + +

∂ ∂
H HHr rT ,   � (15)

1

1
1 /t

t t

η
a η -

=
+

for t t- .    � (16)

Notice the recursive calculation of the matrix derivatives in Formula (15).
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To simplify the denotation, the one-step-ahead covolatility predictions (i.e., the covariance matrix 
prediction) for time t constructed at time t - 1 utilizing the MEWMA model will be written as:

1 1 1 1 1
ˆ ˆˆ ˆ(1 )t t t t t tλ λ- - - - -= - +H Hr rT ,   � (17)

where t̂λ  is the recursive MEWMA estimate (12) of the parameter λ in the model (11) at time t. Point out 
that one might put D = [δ, 1 – δ] with δ ϵ (0, 0.5) in (10).

3.2 Recursive Diagonal BEKK MEWMA Model
The multivariate BEKK model is one of the most popular MGARCH models (see Bauwens et al., 
2006; Cipra, 2020). In particular, the diagonal form of this model, due to a substantial reduction 
of parameters, provides acceptable predictions of conditional covariance matrices even for high 
dimensions. Such a model denoted as diagonal BEKK(1,1) can be looked upon as a valuable modification 
of the recursive MEWMA model, mainly when its volatility equation is written in the following  
form:

{ } { }1 1
1 1diag 1 ,..., 1 diag 1 ,..., 1m m

t t tλ λ λ λ- -= - - - - +H r rT

{ } { }1 1
1diag ,..., diag ,..., ,m m

tλ λ λ λ-+ H
   � (18)

where the symbol diag{...} denotes a diagonal matrix with given diagonal elements λ1, ..., λm which  
are m parameters to be estimated (0 < λ1, ..., λm < 1). The diagonal BEKK recursive MEWMA estimates  
of parameters λk are obtained separately for each k = 1, ..., m according to the algorithm (12)-(16) applied 
to diagonal elements (k, k) in (19), i.e.

( ) ( ) ( )1 1 1 1 1
ˆ ˆˆ ˆ(1 )k k

t t t t t tkkkk kk
λ λ- - - - -= - +H Hr rT

,   � (19)

and then the estimates of remaining non‑diagonal elements (k, l), k ≠ l, are completed as:

( ) ( ) ( )1 1 1 1 1 1 1
ˆ ˆ ˆ ˆˆ ˆ1 1k l k l

t t t t t t t tklkl kl
λ λ λ λ- - - - - - -= - - +H Hr rT

.   � (20)

The matrices ˆ
tH  obtained according to (19)-(20) are due to their construction (symmetric) positive 

definite ones.

3.3 Recursive DCC MEWMA Model
The DCC model (Dynamic Conditional Correlations) by Engle is another helpful model proposed 
for modeling conditional covariances (see Bauwens et al., 2006; Cipra, 2020). Instead of a formal 
description of this model, we present for simplicity only the algorithm of the corresponding 
DCC recursive MEWMA procedure providing the predictions 

ˆ
tH  of the conditional covariance 

matrices exploiting the recursive EWMA approach. The algorithm is applied at time  t in two  
steps:
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(1) Standardization ˆ
std

tr  of vector rt:

1/2ˆˆstd
t t t

-= Dr r { }2 2
1

ˆ ˆ ˆdiag , ...,t t tmσ σ=Dfor  ,    � (21)

where 
2ˆtkσ  is the conditional variance provided by the classical (univariate) recursive EWMA model for 

rtk, k = 1, ..., m.

(2) Estimation 
ˆ

tH  of matrix tH  :

{ } { }( )1/2 1/21/2 1/2ˆ ˆ ˆˆ ˆ ˆdiag diagt t t t t t

- -
=H D Q Q Q D ,    � (22)

where ˆ
tQ  are the conditional covariance matrices of the standardized process ˆstd

tr  estimated  
by the recursive MEWMA method as:

( )1 1 1
ˆ ˆ ˆ ˆˆ ˆ(1 )Q std std Q

t t t t t tλ λ- - -= - +Q Qr r
T

 .   � (23)

Again, the matrices 
ˆ

tH  obtained according to (21)-(23) are due to their construction (symmetric) 
positive definite ones.

4 NUMERICAL STUDY

4.1 Data
The suggested recursive MEWMA approaches for predicting conditional covariance matrices have 
been investigated using two data sets. We have used daily log-returns rt of stocks from two portfolios 
constituting two well‑known stock indices, namely:

– S&P500 (daily log-returns of adjusted close prices from Jan 3, 2018 to Oct 17, 2023);
– DJI30 (daily log-returns of adjusted close prices from Jan 3, 2018 to Oct 17, 2023).
For each stock index and fixed dimension m (namely m = 10, 30, 50, and 70 for S&P500 and 10 and 20 

for DJI30), one has randomly chosen 100 sub-portfolios of dimension m to compare the success rate  
of particular MEWMA procedures in estimating the corresponding covolatilities over the given period.

Finally, to compare the criteria in Section 4.2, one uses available daily values of realized covariance 
matrices RCt of both data sets S&P500 and DJI30 at selected time points t1, t2, ..., t32 (in particular,  
the last time point corresponds to Oct 17, 2023). The realized covariance matrices RCt represent the proxy 
of unobservable covolatilities and are estimated as classical sample covariances using 2-minute interval 
(intraday) data during the given trading date.

Since intraday data necessary for estimating realized covariance matrices are available limitedly, we 
were able to obtain 32 realized covariance matrices for both indices only. This limitation reflects the 
constraints associated with acquiring high-frequency financial data, which are typically proprietary 
and require costly subscriptions. Despite this restriction, we consider the obtained data sufficient for a 
meaningful evaluation of the suggested procedures within the described framework.

4.2 Comparing criteria and tests
Three criteria, which are based either on numerical metrics or statistical tests, have been used to compare 
the covolatility prediction results:

(a) Criterion based on averages of Frobenius norms of deviations from realized covolatilities:
The metric is constructed as the average Frobenius norm of differences (the average is calculated both 

over time points t = t1, t2, ..., t32 (see Section 4.1) and over chosen portfolios p = 1, …, 100 of dimension m)  
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between the conditional matrices 
ˆ p

tH
 predicted by the corresponding MEWMA procedure and  

the realized covariance matrices RCt:

100 32
( )

1 1

1 1 ˆ
100 32 i it t Fp i

M
= = 

H RC .     � (24)

The Frobenius norm of a matrix is the square root of the sum of its squared elements.
In fact, this criterion evaluates the one-step prediction’s out-of-sample performance compared  

to the realized covariance matrices RCt in summary over portfolios of a given dimension.

(b) Criterion based on averages of deviations from realized minimum portfolio variances:
The criterion is constructed as the average difference (the average is again calculated both over time 

points t = t1, t2, ..., t32 (see Section 4.1) and over chosen portfolios p = 1, …, 100 of dimension m) between 
the minimum portfolio variance with covariance matrix ˆ p

tH  predicted by the corresponding MEWMA 
procedure and the minimum portfolio variance with the realized covariance matrix RCt estimated 
similarly as in the previous criterion:

100 32

1( ) 1
1 1 ˆ100 32 ( )( )

ii

minvar
p

p i tt

M --
= =  1 RC 11 H 1 TT

  

,    � (25)

where, e.g., the minimal portfolio variance corresponding to the portfolio construction problem:

( )ˆmin    s.t. 1p
t t t t =w H w w 1T T .    � (26)

This criterion evaluates the out-of-sample performance of the minimal portfolio variance calculated 
by the one-step prediction ˆ p

tH  compared to the minimal portfolio variance calculated by the realized 
covariance matrices RCt in summary over portfolios of a given dimension. The concept of MVP (Minimum 
Variance Portfolio) is usually used in a similar context (see, e.g., Caldeira et al., 2017).

(c) Test based on MCS approach:
A substantial part of the existing literature on covolatility predictions focuses on purely statistical 

measures of prediction accuracy, the model confidence set (MCS) approach by Hansen et al. (2011).  
The MCS is used to evaluate the significance of any differences in performance among models. One starts 
with a complete set of all candidate models and sequentially discards some elements to achieve a smaller 
set of models. This resulting model confidence set contains the best model with a given level of confidence 
(1 − a) (see, e.g., Becker et al., 2015; Čech and Baruník, 2017).

4.3 Results
For all randomly chosen sub-portfolios from data sets described in Section 4.1, we predicted  
the conditional covariance matrices ˆ

tH  over the given period Jan 3, 2018–Oct 17, 2023 using the following 
MEWMA methods:

1. rec MEWMA: recursive MEWMA; see Formula (17);
2. rec dBEKK-MEWMA: recursive diagonal BEKK MEWMA; see Formulas (19)-(20);
3. rec DCC-MEWMA: recursive DCC MEWMA; see Formulas (21)-(23).
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Moreover, several variants of the behavior of forgetting factors in the recursive MEWMA are considered:

−	 0 0.950, 0.990;a a= =

−	 0 0.950, 1.000;a a= =

−	 0 0.990, 1.000.

Figures 1–4 (for S&P500 data and 100 sub-portfolios of dimensions 10, 30, 50, and 70) and Figures 5–6 
(for DJI30 data and 100 sub-portfolios of dimensions 10 and 20) display (a) boxplots of 100 MFrob according 
to (24) (i.e., averages of Frobenius norms of deviations from realized covolatilities) and (b) boxplots  
of 100 Mminvar according to (25) (i.e., averages of deviations from realized minimum portfolio variances) 
corresponding to particular modifications of MEWMA.

The graphical results corresponding to the application of metrics MFrob and Mminvar can be summarized 
as follows:

–	 Suggested modifications of MEWMA with recursive estimation of dynamic coefficients lambda 
outperform MEWMA with fixed (non-recursively estimated) coefficients. This holds without 
exception for the data set DJI30. For the dataset S&P500, only the recursive MEWMA model applied 
for sub-portfolios of dimension m = 70 provides comparable results, according to MFrob and Mminvar.

–	 By evaluating MFrob and Mminvar simultaneously, the recursive diagonal BEKK MEWMA model 
dominates over other considered (single) modifications.

–	 As to the choice of coefficients that influence the behavior of the forgetting factor, the variant 
0 0.990, 1.000a a= =  and 0 0.950, 1.000a a= =  can be preferred by MFrob and Mminvar, respectively.

Source: Authors’ calculation

Figure 1  �Boxplots of 100 averages of (a) Frobenius norms of deviations from realized covolatilities (left panel) 
and (b) deviations from realized minimum portfolio variances (right panel) for S&P500 data and m = 10 
(original values multiplied by 106)

fix MEWMA

rec MEWMA: a_0 = 0.99, a_t = 1.00

rec MEWMA: a_0 = 0.95, a_t = 1.00

rec MEWMA: a_0 = 0.95, a_t = 0.99

rec DCC-MEWMA: a_0 = 0.99, a_t = 1.00

rec DCC-MEWMA: a_0 = 0.95, a_t = 0.99

rec dBEKK-MEWMA: a_0 = 0.95, a_t = 1.00

rec dBEKK-MEWMA: a_0 = 0.95, a_t = 0.99

rec DCC-MEWMA: a_0 = 0.95, a_t = 1.00

rec dBEKK-MEWMA: a_0 = 0.99, a_t = 1.00

1 000             2 000            3 000
Average RCOV Differences (m = 10)

0                50               100            150
Average MVP Differences (m = 10)

fix MEWMA

rec MEWMA: a_0 = 0.99, a_t = 1.00

rec MEWMA: a_0 = 0.95, a_t = 1.00

rec MEWMA: a_0 = 0.95, a_t = 0.99

rec DCC-MEWMA: a_0 = 0.99, a_t = 1.00

rec DCC-MEWMA: a_0 = 0.95, a_t = 0.99

rec dBEKK-MEWMA: a_0 = 0.99, a_t = 1.00

rec dBEKK-MEWMA: a_0 = 0.95, a_t = 0.99

rec DCC-MEWMA: a_0 = 0.95, a_t = 1.00

rec dBEKK-MEWMA: a_0 = 0.95, a_t = 1.00
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Source: Authors’ calculation

Figure 2  �Boxplots of 100 averages of (a) Frobenius norms of deviations from realized covolatilities (left panel) 
and (b) deviations from realized minimum portfolio variances (right panel) for S&P500 data and m = 30 
(original values multiplied by 106)

Figure 3  �Boxplots of 100 averages of (a) Frobenius norms of deviations from realized covolatilities (left panel) 
and (b) deviations from realized minimum portfolio variances (right panel) for S&P500 data and m = 50 
(original values multiplied by 106)

fix MEWMA

rec MEWMA: a_0 = 0.99, a_t = 1.00

rec MEWMA: a_0 = 0.95, a_t = 0.99

rec MEWMA: a_0 = 0.95, a_t = 1.00

rec DCC-MEWMA: a_0 = 0.99, a_t = 1.00

rec DCC-MEWMA: a_0 = 0.95, a_t = 1.00

rec dBEKK-MEWMA: a_0 = 0.95, a_t = 1.00

rec DCC-MEWMA: a_0 = 0.95, a_t = 0.99

rec dBEKK-MEWMA: a_0 = 0.95, a_t = 0.99

rec dBEKK-MEWMA: a_0 = 0.99, a_t = 1.00

fix MEWMA

rec MEWMA: a_0 = 0.99, a_t = 1.00

rec MEWMA: a_0 = 0.95, a_t = 0.99

rec MEWMA: a_0 = 0.95, a_t = 1.00

rec DCC-MEWMA: a_0 = 0.99, a_t = 1.00

rec DCC-MEWMA: a_0 = 0.95, a_t = 0.99

rec DCC-MEWMA: a_0 = 0.95, a_t = 1.00

rec dBEKK-MEWMA: a_0 = 0.99, a_t = 1.00

rec dBEKK-MEWMA: a_0 = 0.95, a_t = 0.99

rec dBEKK-MEWMA: a_0 = 0.95, a_t = 1.00
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Source: Authors’ calculation

Figure 4  �Boxplots of 100 averages of (a) Frobenius norms of deviations from realized covolatilities (left panel) 
and (b) deviations from realized minimum portfolio variances (right panel) for S&P500 data and m = 70 
(original values multiplied by 106)

Figure 5  �Boxplots of 100 averages of (a) Frobenius norms of deviations from realized covolatilities (left panel)  
and (b) deviations from realized minimum portfolio variances (right panel) for DJI30 data and m = 10 
(original values multiplied by 106)
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As far as comparison through statistical tests is concerned, Table 1 (for S&P500 data and 100 
sub-portfolios of dimensions 10, 30, 50, and 70) and Table 2 (for DJI30 data and 100 sub-portfolios  
of dimensions 10 and 20) present the results of the MCS test with a confidence level of 95%. Namely, these 
Tables for each considered modification of MEWMA deliver the counts of achievement of the model 
confidence set corresponding to modifications of MEWMA.

Figure 6  �Boxplots of 100 averages of (a) Frobenius norms of deviations from realized covolatilities (left panel)  
and (b) deviations from realized minimum portfolio variances (right panel) for DJI30 data and m = 20 
(original values multiplied by 106)
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Table 1  �Counts of achievement of the model confidence set MCS with the level of confidence 95% corresponding 
to modifications of MEWMA over 100 sub-portfolios of S&P500 data

MEWMA

m = 10:    

   fix MEWMA 1 1 1

   rec MEWMA →24 19 4

   rec dBEKK-MEWMA ↑71 →↑81 ↑79

   rec DCC-MEWMA 66 →77 41

m = 30:    

   fix MEWMA 0 0 0

   rec MEWMA 0 0 0

   rec dBEKK-MEWMA ↑70 ↑64 →↑86

   rec DCC-MEWMA →60 39 26

0.950
0.990

0.950
1.000

0.990
1.000

Source: Authors’ calculation
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Note: Vertical arrow ↑ denotes the column maximum and horizontal arrow → indicates the row maximum for particular m.
Source: Authors’ calculation

MEWMA

m = 50:    

   fix MEWMA 0 0 0

   rec MEWMA 0 0 0

   rec dBEKK-MEWMA ↑64 ↑45 →↑90

   rec DCC-MEWMA →38 9 23

m = 70:    

   fix MEWMA 0 0 0

   rec MEWMA 0 0 0

   rec dBEKK-MEWMA ↑66 ↑42 →↑91

   rec DCC-MEWMA →36 10 13

Table 1                                                                                                                                                                                      (continuation)

0.950
0.990

0.950
1.000

0.990
1.000

Table 2  �Counts of achievement of the model confidence set MCS with the level of confidence of 95% corresponding 
to modifications of MEWMA over 100 sub-portfolios of DJI30 data

Note: Vertical arrow ↑ denotes the column maximum and horizontal arrow → indicates the row maximum for particular m.
Source: Authors’ calculation

MEWMA

m = 10:

   fix MEWMA 0 0 0

   rec MEWMA 28 →33 5

   rec dBEKK-MEWMA ↑90 →↑98 ↑85

   rec DCC-MEWMA 79 77 65

m = 20:

   fix MEWMA 0 0 0

   rec MEWMA 1 1 0

   rec dBEKK-MEWMA →↑ 100 →↑ 100 →↑ 100

   rec DCC-MEWMA 54 34 →78

0.950
0.990

0.950
1.000

0.990
1.000

The results corresponding to the application of the MCS set can be summarized as follows:
–	 All suggested modifications of MEWMA with recursive estimation of dynamic coefficients 

lambda outperform MEWMA with fixed (non-recursive) coefficients even more significantly than  
in the case of numerical metrics in Figures 1–6.

–	 The same conclusion holds when one compares various (single) modifications of the recursive 
MEWMA model. In all cases, the recursive diagonal BEKK MEWMA model dominates significantly 
over other considered (single) modifications (only in a limited number of results in Table 1,  
the results by recursive DCC MEWMA are comparable).

–	 As to the choice of coefficients that influence the behavior of the forgetting factor, the choice 
0 0.950, 1.000a a= =  seems to be again the best in the prevailing number of cases.
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4.4 Extended benchmark
To compare the proposed recursive methods with more advanced benchmarks, we have conducted  
an extended simulation study for S&P500 data and 100 sub-portfolios of dimensions 10. Specifically,  
we compare our recursive approaches against a broader set of methods that include:

–	 MLE MEWMA: MEWMA estimated by maximum likelihood estimation (MLE),
–	 rolMLE MEWMA (EW): MEWMA estimated by rolling MLE (expanding window),
–	 rolMLE MEWMA (FW): MEWMA estimated by rolling MLE (fixed-width window of 100 

observations),
–	 MLE dBEKK-MEWMA: diagonal BEKK MEWMA estimated by MLE,
–	 rolMLE dBEKK-MEWMA (EW): diagonal BEKK MEWMA estimated by rolling MLE (expanding 

window),
–	 rolMLE dBEKK-MEWMA (FW): diagonal BEKK MEWMA estimated by rolling MLE (fixed-width 

window of 100 observations).
The performance results are summarized in Figure 7. It displays (a) boxplots of 100 MFrob according 

to (24) (i.e., averages of Frobenius norms of deviations from realized covolatilities) and (b) boxplots  
of 100 Mminvar according to (25) (i.e., averages of deviations from realized minimum portfolio variances) 
corresponding to particular techniques. The evaluation criteria based on the MFrob and Mminvar measures 
provide the following conclusions:

–	 In terms of MFrob, the non-recursive diagonal BEKK MEWMA methods listed above slightly 
outperform the recursive diagonal BEKK MEWMA approach.

–	 In terms of Mminvar, the recursive diagonal BEKK MEWMA method performs better than its non-
recursive counterparts.

Source: Authors’ calculation

Figure 7  �Boxplots of 100 averages of (a) Frobenius norms of deviations from realized covolatilities (left panel)  
and (b) deviations from realized minimum portfolio variances (right panel) for S&P500 data, m = 10  
and an extended benchmark (original values multiplied by 106)
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A key consideration when recursive techniques are studied is computational efficiency. As shown  
in Figure 8, that presents the logarithm of the computational time in seconds required for one simulation 
per method. Our results demonstrate that recursive methods are significantly more efficient compared  
to the non-recursive approaches, particularly those relying on re-estimation of lambda via MLE in each step.

Given the increased computational complexity of the herein assumed non-recursive methods,  
we restricted our extended simulation comparison to the S&P 500 dataset with a 10-asset portfolio only. 

Source: Authors’ calculation

Figure 8  �Execution time in seconds per 1 simulation for S&P500 data, m = 10 and an extended benchmark  
(log scale)
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Expanding the analysis further to higher-dimensional settings would cause substantial computational 
challenges.

These additional results justify our arguments that recursive estimation provides a competitive trade-
off between accuracy and computational feasibility, and make it be a practical choice for large-scale 
applications.

CONCLUSION
The MEWMA procedure is a numerically simple method recommended for projections of conditional 
covariances (covolatilities), mainly if the dimensions of conditional covariance matrices are large. 
Nevertheless, the paper shows that it is worthwhile to approach the MEWMA more dynamically  
and estimate its parameter(s) recursively in time, as such strategies improve performance indicators.

Moreover, a substantial improvement is achieved when each component of the corresponding 
multivariate process is handled by applying the separate EWMA procedure with the corresponding 
parameter also estimated separately (but still recursively in time). In particular, the diagonal BEKK 
recursive MEWMA model can be recommended in this context.

There are suggestions for further research, e.g., to combine various candidate models to improve  
the overall performance, to combine recursive and iterative approach to estimation and to robustify 
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APPENDIX: DERIVATION OF RECURSIVE ALGORITHM (12)-(16)
This algorithm is based on relations (5)-(9) and (11) for θ = λ. It suffices to derive the formulas for 1

ˆ( )t tλ -′F  
and 1

ˆ( ),t tλ -′′F  where:

1
t t t t tF -r rT .    � (A1)

Using the matrix differential calculus for a general regular matrix U(x), namely:

,    � (A2)

suggested recursive methods. Moreover, the covolatility projection problem should be examined from 
the economic point of view in the context of portfolio optimization and reported in a more economically 
oriented context.
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one can write:

,    � (A3)

so that (12) follows substituting (A3) to (5). Further, it holds:

   � (A4)

which can be approximated by:

1 1( ) tr t t
t t tλ

λ λ
- -∂ ∂ ′′ =

∂ ∂ 

H H

 
.     � (A5)

This approximation fulfills the condition:

 ,    � (A6)

see Formula (9), since it holds:

                                                                                                                 � (A7)

2

12E 2 t t t t t t t t t tλ λ λ
- - - - -

-
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H H H

2
1 1 1

2t t tλ λ λ
- - - ∂ ∂ ∂

∂ ∂ ∂ 
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